The article discusses a mathematical model of solid-phase diffusion over substance surface accompanied a frontal chemical reaction. The purpose of our article is to describe the concentration distribution and surface reacted layer growth. The model is a system parabolic equations, complicated with the presence of mobile front. It takes account of diffusive fluxes redistribution, sublimation from the surface, chemical reaction reversibility. The asymptotic approximation of the obtained nonlinear problem is constructed. Numerical solution was also carried out. Both numerical and analytical solutions conform to each other in a wide range of parameter changes, whereas observed differences are explained. It was obtained that the reaction front at the substrate surface grows as the fourth root of time in the assumed absence of evaporation and reaction reversibility. In the presence of evaporation the logarithmic distribution law ln(t) is obtained. The theoretical possibility of sharp deceleration and stop of reaction product layer growth is obtained.
Introduction
In the course of the last decades film technologies have been widely used in microelectronics; they were in the basis of integrated optics elements production, vacuum obtaining and artificial corrosion-resistant coating production, etc. There is a large number of film obtaining techniques [1] .
During investigation of the method for creating thin films it was discovered the phenomenon of rapid solid-phase spreading couple with a chemical reaction. Experimental research is carried out by by the method of ''contact diffusion annealing'' [2] . Reagents were shaped as disks, and the diffusant is more less then the substrate (Fig. 1) . The main quantitative characteristic of the process is surface layer length l s . It was found that ''spreading of the diffusant on the substrate surface is retarded sharply'' [2] , when a certain critical value is achieved. Visible surface reaction interface almost stops (Fig. 2) , and this is not typical for the diffusion processes. The phenomenon was termed surface-reaction diffusion (SRD).
Experimental investigations have shown that diffusion over the substrate surface passes rapidly, whereas reaction front distribution inside-slowly. The effect actively appears at solid-phase interaction of the following substances: CoO and WO 3 ; CuO and MoO 3 ; ZnO and WO 3 ; Pb 2 MoO 5 and MoO 3 [2, 3] . There are two preconditions for surface-reaction diffusion: a low surface energy and a high surface mobility of the diffusant.
There are some similarities between mass transfer in surfacereaction diffusion and the model of diffusion in polycrystalline materials, where surface diffusion is rapid and diffusant outflows to the granules. It is the classic subdiffusion Fisher's model -''diffusion in bicrystal'' [4] and its analogues -Suzuoka and Whipple models [5] [6] [7] . However these models don not explain the growth deceleration of the surface layer length.
In our case the process of surface-reaction diffusion is complicated by mobile reaction front, chemical reaction reversibility, diffusing substance evaporation from the open substrate surface (Fig. 1) . Such systems are found in other technologies of material production (see, among others, [8] [9] [10] [11] ), geophysics [12] [13] [14] and medical physics [15] . A reversible chemical reaction and a processes of evaporation have been studied by various research ( [16] [17] [18] ).
The mobile reaction front leads up to the necessity to consider the of partial derivatives equations with unknown moving boundary. The classic problem with moving boundary is the Stefan problem. Other examples can be the following problems: solidification-meltdown [19] , wound healing [20] , concrete carbonation [21, 22] , issues concerning processes of evaporation, condensation [17, 23] . There are not general solution techniques for problems with unknown moving boundaries, and virtually any of such nonlinear problems requires developing special approaches. Sufficiently detailed survey of Stefan-like problem and its applications is described in works [24] [25] [26] [27] .
In this article we analyze a mathematical model of SRD under condition of an ''inexhaustible source'', diffusion fluxes redistribution, chemical reaction reversibility and diffusant evaporation.
The possibility of sharp deceleration of the surface substrate layer growth is obtained.
In Section 2 the model of surface-reaction diffusion is described. We present analytical and numerical solutions in Sections 3 and 4, accordingly. In the final paragraph we discusses results and compares models of surface-reaction diffusion (model without reaction reversibility and without evaporation, model with evaporation, model with reaction reversibility and generalized model).
The model
Generalized model construction based on the following assumptions.
1. Coefficient of diffusion over the substrate surface D 1 is much greater than that of its volume D 2 . This makes possible to divide complete diffusive flux into two interconnected fluxes: diffusant flux over the substrate surface and flux from the surface layer inside the substrate. 2. The diffusant spreads over the surface in thin surface layer with thickness d, whereas reaction proceeds inside the substrate.
3. Chemical reaction rate constant is quite high, and it makes possible to concentrate reactionary interaction on some reaction front (moving boundary). There is a first-order chemical reaction between oxides. 4. The reaction is reversible and there is a concentration of diffusant dynamic equilibrium u c . This means that chemical reaction front is moving forward, when diffusant concentration is over threshold value wðt; x; yÞ > u c . 5. Since diffusant spreads in thin surface layer with thickness d, then there is evaporation out of this layer from the whole surface of the substrate. 6. For analysis purposes we will not take into account that the substrate and the diffusant source have cylindrical form. The problem considered below is in Cartesian coordinate system, Fig. 1 . 7. Problem formulation is isothermal; it does not take account of temperature field as a result of evaporation and reaction progress. Such simplification takes place because experimental research was held for hours in thermostat ovens at constant temperature, and temperature field flattening occurs much faster than that of diffusion and on ''diffusive'' time scales the temperature field can be considered homogenous.
Thus, diffusant concentration on the substrate surface uðt; xÞ is changed as a result of the substance transfer over the surface, outflow inside the substrate and evaporation.
At the initial time there is no diffusant in the substrate, neither on its surface uð0; xÞ ¼ 0;
uðt; 0Þ ¼ u 0 ; uðt; 1Þ ¼ 0:
Penetrating into the substrate the substance enters into a chemical reaction and reaction product is formed in area 0 < y < R. ; t > 0; 0 < y < R:
With zero initial condition and condition of concentration continuity on boundary wð0; x; yÞ ¼ 0; wðt; x; 0Þ ¼ uðt; xÞ:
On the free boundary R(t, x) between oxides there is a first-order chemical, therefore one can write down second boundary condition for task (3) and equation of the boundary motion
where Hð w À u c Þ -Heaviside function
The system of parabolic equations, boundary and initial conditions (1)-(6) describes generalized surface diffusion with reversible reaction occurring on the front and substance evaporation.
For further analysis it is convenient to introduce dimensionless parameters
Then the system (1)- (6) has parameters
Let us make substitution w = W À u c ; t > 0; 0 < y < R; ð8Þ wð0; n; gÞ ¼ Àu c ; wðs; n; 0Þ ¼ uðs; nÞ À u c ;
Eqs. (7)- (11) are dimensionless problem of surface-reaction diffusion.
Analytical solution
In the course of experimental research [2, 3] estimations for diffusion coefficients were obtained. Analysis showed that the esti-
is true for all substance pairs, whereas boundary movement inside the substrate occurs slowly (therefore _ R derivative can be considered negligible quantity, _ R ( 1). These estimations are actually necessary for surface-reaction diffusion mechanism realization. Then diffusion process characteristic time inside the substrate t D is much less than t R boundary motion time. Moreover, it is well known from the general theory of problems with mobile boundary [28] and appendixes [19, 23, 29] , that relaxation time is defined in the first place by front movement. Consequently, one need not to search the exact solution of Eq. (8) in the subtask (8)- (10) , but approximately consider the w s % 0 derivative as being negligible quantity. One can come to the same conclusion, using first approximation of differential series method [28] , taking into account that d ( 1. It should be noted that assumption w s % 0 was confirmed by numerical simulation, therefore linear solution of inner problem (8)- (10) is well grounded: wðs; n; gÞ ¼ ðuðs;
0 6 g 6 S; n : uðs; nÞ À u c > 0; wðs; n; 0Þ ¼ uðs; nÞ À u c ; n : uðs; nÞ À u c < 0:
Let us insert this solution in problems (7)- (11) for functions u(s, n) and S(s, n): @uðs; nÞ @s ¼ @ 2 uðs; nÞ @n 2 À Fðs; nÞ À buðs; nÞ; ð13Þ uðs; 0Þ ¼ 1; uð0; nÞ ¼ 0;
whereas F(s, n) equals
In writing system (13) and (14) the transition from H(w) function to H(u À u c ) is carried out on the basis of obtained expression (12) for w(s, n, g ). The replacement has no impact on the essence of the model, but simplifies the problem solution.
Solution of the (13) and (14) system can be split up into three steps:
1. If diffusive outflow is absent (F = 0), then Eq. (14) has no sense, there is no penetration inside the substrate. Let us find diffusant concentration in the first approximation u 1 (s, n). One can construct solution through Laplace integral transformation. 2. The found first approximation u 1 (s, n) we apply to find reaction front in the first approximation S 1 (s, n). To this end we integrate Eq. (14), assuming that u(s, n) = u 1 (s, n). 3. Inserting the obtained first approximations u 1 (s, n) and S(s, n) into function F(s, n) and considering it as known heterogeneity of Eq. (13), once again solve (13). Thus we find u(s, n) in the second approximation u 2 (s, n).
Let us proceed according to the plan. At first solve Eq. (13) Proceeding to preimages we get
Now we can integrate Eq. (14) , considering that u(s, n) = u 1 (s, n)
Proceed to the third step of calculations and find u 2 (s, n). Considering F(s, n) to be known heterogeneity of Eq. (13), pass over to images of Laplace integral transformation U 2nn ðs; nÞ À ðs þ bÞU 2 ðs; nÞ ¼ Uðs; nÞ; U 2 ðs; 1Þ ¼ 0; U 2 ðs; 0Þ ¼ 1=s;
where U 2 (s, n) -Laplace transformation image for the function u 2 (s, n); U(s, n) -transformation image for the function F(s, n).
The general solution of heterogeneous equation looks like
Constants are found through boundary condition:
Finally the boundary problem (18) 
Numerical solution
One should note the system (7)- (11) properties since they are important for numerical solution. Firstly, it is defined on an unbounded domain. Secondly, Eqs. (8)- (11) are a parabolic type problem with mobile unknown boundary. Even though there are known methods for solving equations with mentioned peculiarities in this problem they are combined in one system and should be solved simultaneously.
In order to use traditional finite-difference schemes we should map the changing area 
Now to find w (for each r iteration of outer problem) one should Jacobian matrix J(v) for internal problem has the structure of tridiagonal matrix with filled last column, which makes possible finding the Dv value from the system J(v
) through modified tridiagonal matrix algorithm.
Values from the previous time layer were taken as initial conditions both for outer and inner problem and Newton's method (21) quite rapidly came to solution. Numerical algorithm realization was carried out through C++.
Result and discussion
Since reaction and front movement inside the substrate occur only on condition that w(s, n, g) > 0, and according to expression (12) w(s, n, g) > 0 if and only if (u À u c ) > 0, then movement of the reacted surface layer is directly connected to concentration level movement u(s, n) = u c . This movement was found from analytical solution (19) thanks to computer algebra system MathCad. Fig. 3 shows calculation results if P = 0, P = 0.004, P = 0.008.
The curves 1 and 4 show concentration level movement in the first approximation u 1 (s, n) = u c according to Eq. (16) without diffusive outflow from the substrate (P = 0). One can see that a single assumption concerning evaporation is sufficient enough for stabilization of distribution u 1 (s, n). The process intensity has no importance. In any case distribution becomes stationary. The rest of the curves (2, 3, 5, 6) illustrate the diffusive outflow influence. The outflow decelerates reaching the stationary distribution, which can be regarded as ultimate. One should also note that even small variation in parameter values (P = 0.004, P = 0.008) has a serious impact on ''convergence'' to stationary condition.
It is interesting to compare analytical (19) and numerical solutions. The curves 2 and 3 (similarly to 5 and 6) interflow in the course of time and simultaneously slowly reach the ultimate level when P = 0. In this case both solutions verify and validate each other: convergence of numerical algorithm is qualitatively confirmed as well as correctness of the second approximation u 2 (s, n) (19) construction.
Let us explain the difference between numerical and analytical solutions in the initial time point. At the first stage it was considered that diffusion outflow inside the substrate is absent (P = 0) and the whole substance is distributed over the surface. This means that the solution u 1 (s, n) is too overrated and actually there is much less diffusing substance on the surface than u 1 (s, n). Then, based on the u 1 (s, n), the second approximation for the front S 1 (s, n) was constructed. This approximation shows that the front is bedded deeper than it really is. At the third stage considering F(s, n) to be known heterogeneity of Eq. (13), the second approximation u 2 (s, n) was constructed. Since for constructing the F(s, n) overrated values u 1 (s, n) and S 1 (s, n) have been used, then the F(s, n) function expresses excessive outflow from the surface. Therefore the obtained second approximation u 2 (s, n) illustrates underrated concentration distribution u(s, n). As a result the solution of u 2 (s, n) gives lower estimate and consequently the constructed movement of surface layer length is also a low estimate. In the course of time the differences in solutions disappear. All the above is illustrated in Fig. 3 by the curves 2 and 3 (similarly to 5 and 6).
Let us now compare four models of surface-reaction diffusion. Let us analyze each model.
1.
If there is no evaporation and reaction reversibility then the principal influence on the surface layer l(s) movement has diffusion fluxes redistribution (curve 1, Fig. 4 ). In this case the border l(s) is defined from the equality S(s, l(s) = e), where e ( 1. It was obtained that u 1 (s, n) = u c ; the curves 2 and 5 (P = 0.004, P = 0.008 accordingly) according to numerical solution results; the curves 3 and 6 (P = 0.004, P = 0.008 accordingly) according to (19) when u 2 (s, n) = u c . 
